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Abstract
Gravitational well is a widely used system for the verification of the quantum weak equiva-
lence principle (WEP). We have studied the quantum gravitational well (GW) under the shed of
noncommutative (NC) space so that the results can be utilized for testing the validity of WEP
in NC-space. To keep our study widely usable, we have considered both position-position and
momentum-momentum noncommutativity.
Since coherent state (CS) structure provides a natural bridging between the classical and quan-
tum domain descriptions, the quantum domain validity of purely classical phenomena like free-fall
under gravity might be verified with the help of CS. We have constructed CS with the aid of a
Lewis-Riesenfeld phase space invariant operator. From the uncertainty relations deduced from the
expectation values of the observables, we have shown that the solutions of the time-dependent
Schro¨dinger equation are squeezed-coherent states.
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I. INTRODUCTION
It is almost a Gospel that the fundamental concept of space-time is mostly compatible with
quantum theory in noncommutative space [1–17]. However, despite the numerous proposals,
the unified quantum theory of gravity lacks any direct experimental evidence. In particular,
most of the theories of quantum gravity appears to predict departures from classical rela-
tivity only at energy scales on the order of 1019 GeV (By way of comparison, the LHC was
designed to run at a maximum collision energy of 14 TeV [18]). It is not difficult to foretell
that the attainable energy in colliders will satisfy the required energy level shortly. Instead
of building a larger collider, the energy limitation problem can be overcome with the help of
performing passive experiments using interferometry. Numerous proposals are there in this
regime [19–28]. However, to the best of knowledge of present authors, none of them had yet
been carried out.
Since optical coherence can be seen in Young’s double-slit experiment. It maximizes the
contrast in the interference pattern. Therefore, the use of Fock and coherent states might
improve the experimental scope of noncommutative space. [25–32]. In particular, one may
use Fock and coherent states, which describe the electromagnetic input field, a multi-photon
counting apparatus to a multi-slit Youngs experiment to perform such experiments. Since
the aims and scope of the present article are limited to the mathematical construction of
coherent states, we are not going to the detailed study in the experimental regime. However,
one may consult for experimental scope from this perspective. [25–37].
In this article, we have utilized the Lewis-Riesenfeld phase-space invariant method (LRM)for
the construction of the coherent state structure of the system under consideration. LRM is
based on the construction of an invariant operator (IO) in phase space corresponding to a
time-dependent Hamiltonian Hˆ(t) [38–45]. Up to a time-dependent phase factor, the eigen-
states of IO (Iˆ(t)) will satisfy the time-dependent Schro¨dinger equation for Hˆ(t). However,
(Iˆ(t)) and Hˆ(t) will not be isospectral in general. Specifically, the eigenvalues of (Iˆ(t))
are time-independent, whereas the same may be time-dependent for Hˆ(t). LRM is an ef-
ficient tool to deal with the exact solutions for time-dependent Hamiltonians. However,
one can utilize LRM for time-independent problems as well [46–51]. One can incorporate
a time-dependent parameter in such a manner that the time-dependency goes off at some
limit [46–50]. One can even use the route of the direct approach without any artificial
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time-dependent parameter [51, 52]. In the present article, the direct method is utilized to
construct Lewis-Riesenfeld invariant operator (LRIO) corresponding to the Hamiltonian of
a gravitational well in noncommutative space. The importance of free-falling particle under
gravity in noncommutative space including the aspects of weak equivalence principle may
be found in [53–59].We shall see in what follows that since our constructed IO is linear in
momentum, we can construct an annihilation operator with the help of IO (Iˆ(t)). Con-
struction of eigenstates of (Iˆ(t)) then enables us to have coherent states for the concerned
scenario.
The organization of the article is the following. After a brief description of the system under
consideration, we have shown the existence of a Lewis-Riesenfeld phase-space invariant op-
erator for the gravitational well in noncommutative space. Subsequently, the construction
of the coherent state structure along with the expectation-values are explicitly mentioned.
II. SYSTEM UNDER CONSIDERATION: FREE FALLING UNDER GRAVITY
IN NONCOMMUTATIVE SPACE
Since we are dealing with the free-falling under gravity in noncommutative space (NCS),
without loss of generality we can confine ourselves in two spatial dimensions in NCS, namely
x′ and y′. Let us choose our x′ axis in the direction of the attraction due to gravity. The
dynamics for the y′ direction in NCS remains something like free-particle. We aim to write
down the coherent state structure for this system.
Better or worse, we are adopting the usual technique of writing the quantum version of
a theory corresponding to a known classical dynamical system with the aid of the Bohr-
correspondence principle. One may wonder why most of the computations of quantum theory
can not stand on its ground without the help of a corresponding known classical dynamical
system. One may even demand the justification of the applicability of the direct promotion
of classical theory to its quantum version for NCS. Keeping aside these foundational issues,
let us concentrate on the aims and scope of the present article and write down the energy
operator (amiltonian) in NCS as follows.
Hˆnc =
pˆ′2x
2m
+
pˆ′2y
2m
+mgxˆ′. (1)
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Where the mass of the particle and the acceleration due to gravity is denoted by m and
g respectively. pˆ′x and pˆ
′
y are the conjugate momentum operators corresponding to xˆ
′ and
yˆ′ respectively. We are considering both position-position and momentum-momentum non-
commutativity to keep our discussion fairly general. Following commutation relations for
variables
{
x′, y′, p′x, p
′
y
}
in NCS are utilized in present article.
[x′, y′] = iθ,[
p′x, p
′
y
]
= iη, (2)[
x′i, p
′
j
]
= i~effδij .
Where
~eff = (1 + ζ)~, (3)
with ζ =
θη
4~2
.
δij are Kronecker delta with the properties
δij =

 1 for i = j0 for i 6= j . (4)
One can recover the structure of classical commutative space for quantum mechanics by
setting the parameters θ and η to zero. If one wishes to be confined in only position-position
noncommutativity then η has to be set to zero.
Since our usual notion of calculus are mentally and practically settled in commutative space,
it will be a wise decision if we could transform the whole problem to some equivalent com-
mutative space structure. This can be done by the following transformation of co-ordinates.

x′
y′
p′x
p′y

 =


1 0 0 − θ
2~
0 1 θ
2~
0
0 η
2~
1 0
− η
2~
0 0 1




x
y
px
py

 . (5)
{x, y, px, py} are usual co-ordinates in classical commutative space in which the commutation
relations are given by
[x, y] = [px, py] = 0,
[xi, pj] = i~δij . (6)
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For computational purpose, with the help of (5) we can now write down the equivalent quan-
tum hamiltonian for the system under consideration ( (1)) in terms of classical commutative
space operators as follows.
Hˆc =
pˆ2x
2m
+
pˆ2y
2m
+
η
2m~
(yˆpˆx − xˆpˆy) +mg
(
xˆ− θ
2~
pˆy
)
+
η2
8m~2
(
xˆ2 + yˆ2
)
. (7)
In the next section we have constructed an invariant operator which is utilized to construct
the coherent state structure of the system.
III. CONSTRUCTION OF LEWIS-RIESENFELD INVARIANT OPERATOR
AND COHERENT STATE STRUCTURE
An operator Iˆ(t) is invariant means
˙ˆI(t) = ∂Iˆ(t)
∂t
+
1
i~
[
Iˆ(t), Hˆ
]
= 0. (8)
Here dot (.) denotes total derivative with respect to time. We shall use this shorthand
notation throughout this article unless otherwise specified. The existence of a close form
LR-invariant Iˆ(t) based on the existence of a finite number of generators (Oˆi) of the quasi-
algebra with respect to the Hamiltonian Hˆ such that the equation (8) is satisfied. Specifically,
we are looking for an invariant operator of the form
Iˆ(t) =
N∑
j=0
µj(t)Oˆj, (9)
such that the following quasi-algebra is closed for finite N .
[
Hˆ, Oˆi
]
=
N∑
k=1
νkjOˆj ; i = 1, ...N. (10)
Where νkj are the structure constants of the algebra and µj are arbitrary functions of time.
One can note that a quasi-algebra can be generated by the following set of generators
Oˆ1 = xˆ, Oˆ2 = yˆ,
Oˆ3 = pˆx, Oˆ4 = pˆy. (11)
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One can identify the following closed quasi-algebra.
[
Hˆc, xˆ
]
= −i ~
m
pˆx − i η
2m
yˆ, (12)[
Hˆc, yˆ
]
= −i ~
m
pˆy + i
η
2m
xˆ+
i
2
mgθIˆ, (13)[
Hˆc, pˆx
]
= −i η
2m
pˆx + i
η2
4m~
xˆ+ img~Iˆ, (14)[
Hˆc, pˆy
]
= i
η
2m
pˆx + i
η2
4m~
yˆ. (15)
Where Iˆ is the identity operator.
Now, one can consider an invariant operator (Iˆ(t)) of the form
Iˆ(t) = A(t)pˆx +B(t)pˆy + C(t)xˆ+D(t)yˆ + α(t)Iˆ. (16)
Using the ansatz (16) in (8), we get the following set of coupled equations.
d
dt


A
B
C
D
α


=


0 − η
2m~
1
m
0 0
η
2m~
0 0 1
m
0
− η2
4m~2
0 0 − η
2m~
0
0 − η2
4m~2
η
2m~
0 0
mg 0 0 mgθ
2~
0




A
B
C
D
α


=


0
0
0
0
0


. (17)
Solving (17), we can explicitly write down the forms of A,B,C,D, α as the followings.
A(t) = − 1
mω
A0 +
1
ω
(B1 sinωt−B2 cosωt) , (18)
B(t) =
1
mω
B0 +
1
ω
(B1 cosωt+B2 sinωt) , (19)
C(t) = B0 − 1
2
mωB(t), (20)
D(t) = A0 +
1
2
mωA(t). (21)
with
ω =
η
m~
. (22)
The integration constants A0, B0, B1, B2 are complex numbers in general.
Upto a time-dependent phase factor eiνλ(t), I(t) and hatHc share same eigen-functions. To
obtain the eigen-function of I(t), we can solve the following eigen-value equation with time
independent eigen-value λ.
IˆΦλ = λΦλ. (23)
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In position representation the solution of (23) is given by
Φλ(x, y, t) = Φ0 exp
{
(λ− α)i
2~
( x
A
+
y
B
)
− i
2~
(
C
A
x2 +
D
B
y2
)}
. (24)
Now the eigen-function of Hˆc can be written in the form
ψλ(x, y, t) = e
iνλ(t)Φλ(x, y, t). (25)
νλ(t) then satisfies the following equation
~ν˙λ(t)Φλ(x, y, t) =
[
i~
∂
∂t
−H
]
Φλ(x, y, t). (26)
Using (24) and (7) in (26), we have obtained the following differential equation for νλ(t).
~ν˙λ = i~
Φ˙0
Φ0
− i~
2m
(
C
A
+
D
B
)
+
mgθ
2~
(λ− α)
B
− 1
8m
(λ− α)2
(
1
A2
+
1
B2
)
. (27)
Since the phase factor νλ(t) is a function of t only, the right hand side of (27) should be a
function of t only. This restricts the choices of the coefficients in (16) as what follows.
A0 = B0 = 0,
B1 = ±iB2. (28)
A(t) = −iB1
ω
eiωt, B(t) =
B1
ω
eiωt,
C(t) = − η
2~
B(t), D(t) =
η
2~
A(t), (29)
α(t) = −
(
1 +
θη
4~2
)
m2~2
η2
B1e
iωt.
The solution of (27) then turns out to be
νλ(t) = ln ν1 + i ln Φ0 + ~
θ
ηt+
i
2B1
λe−iωt. (30)
With ~θη =
m2gθ
2η
+
m2gθ2
8~2
− η
2m~
. (31)
Where ln ν1 is the integration constant.
Now we can assume the existence of anihilation operators Jˆ1 and Jˆ2 as follows.
Jˆ1 = A(t)pˆx + C(t)xˆ,
Jˆ2 = B(t)pˆy +D(t)yˆ, (32)
i.e, Iˆ = Jˆ1 + Jˆ2 + α(t)Iˆ.
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With [
Jˆi, Jˆ
†
j
]
= δij , i, j = 1, 2.[
Jˆi, Jˆj
]
=
[
Jˆ
†
i , Jˆ
†
j
]
= 0. (33)
Where δij =

 1, if i = j0, if i 6= j.
Equation (32) and (33) restrict the value of the unknown parameter B1. In particular
|B1| =
√
η
m~
. (34)
To incorporate the all possible values of the free parameter λ (the eigenvalues of Iˆ), one has
to take the weighted sum of ψλ as follows.
Ψ(x, y, t) =
+∞∫
−∞
ψλ(x, y, t)µ(λ)dλ. (35)
To ensure the convergence of the integration (35) with (24) and (25), it is sufficient to
take a Gaussian type weight function µ(λ). In particular
µ(λ) = e−
κλ
2
2~ . (36)
κ ≥ 0 is a real parameter which is introduced in the weight function µ(λ) to ensure conver-
gence of the integration (35). With the help of (36) in (35) and using (24) and (25) we
can obtain the explicit form of Ψ(x, y, t) which reads
Ψ(x, y, t) = ν0
√
2pi~
κ
exp[− η
4~2
|z|2 − 1
2~ω
(
1 +
θη
4~2
)
z¯ +
1
8~B21κ
(i~− ωz¯)2 e−2iωt + i~θηt]. (37)
Here the notation z = x+iy has been used. z¯ is the complex conjugate of z. ν0 is a constant.
The probability density is given by
ρ(x, y, t) = |Ψ(x, y, t)|2 = Ψ¯Ψ. (38)
The normalizability of ψ, i.e., the boundedness of (38) under usual L2(−∞,+∞) norm
leads to the following restriction on the allowed values of κ.
κ ≥ η
2m2~b21
=
~
2
. (39)
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For simplicity and as well as for the later convenience, in subsequent computations, we shall
use
κ =
~
2
. (40)
IV. EXPECTATION VALUES OF SOME OBSERVABLES
Expectation value of an observable Oˆ on the state ψ is defined by
〈Oˆ〉ψ =
(
ψ, Oˆψ
)
. (41)
Here, (, ) denotes the scalar product. In our case we shall use the usual convenient scalar
product via the integration.
〈xˆ〉 = |ν˜0|
2pi
4a0
√
a0β0
(h0γ0 − c0) e−2δ0 . (42)
〈yˆ〉 = |ν˜0|
2pi
4b0
√
b0β1
(h0γ1 − d0) e−2δ1 . (43)
〈pˆx〉 = −~
i
(c+ 2a〈xˆ〉+ h〈yˆ〉) . (44)
〈pˆy〉 = −~
i
(d+ 2b〈yˆ〉+ h〈xˆ〉) . (45)
〈xˆ2〉 = |ν˜0|
2pi
8a0
√
a0β0
[
1 +
h20
4a0β0
+
1
a0
(c0 − h0γ0)2
]
e−2δ0 . (46)
〈yˆ2〉 = |ν˜0|
2pi
8b0
√
b0β1
[
1 +
h20
4b0β1
+
1
b0
(d0 − h0γ1)2
]
e−2δ1 . (47)
〈pˆ2x〉 = ~2
[(
2a− c2)− 4ac〈xˆ〉 − 2ch〈yˆ〉 − 4a2〈xˆ2〉 − h2〈yˆ2〉 − 4ah〈xˆyˆ〉] . (48)
〈pˆ2y〉 = ~2
[(
2b− d2)− 4bd〈yˆ〉 − 2dh〈xˆ〉 − 4b2〈yˆ2〉 − h2〈xˆ2〉 − 4bh〈yˆxˆ〉] . (49)
〈xˆyˆ〉 = |ν˜0|
2pi
4a0
√
a0β0
(
c0γ0 − h0γ20 −
h0
4β0
)
e−2δ0 . (50)
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Where a0, b0, c0, d0, h0 and k0 are Real part of a, b, c, h, and k respectively. The values of
a, b, c, h, and k are given by the following.
a =
η
4~2
(
1− e−2iωτ) , (51)
b =
η
4~2
(
1 + e−2iωτ
)
, (52)
c =
m
2η
(
1 +
θη
4~2
)
+
im
2
e−2iω(t+τ), (53)
d = −im
2η
(
1 +
θη
4~2
)
+
m
2
e−2iω(t+τ), (54)
h =
iη
2~2
e−2iω(t+τ), (55)
k =
m2~2
4η
e−2iω(t+τ) − i~θηt, (56)
ν˜0 = 2
√
piν0. (57)
The normalization factor |ν0| is given by
|ν0| = 1
pi
(
a0β0
4
) 1
4
eδ0 . (58)
And β0, β1, γ0, γ1, δ0, δ1 are given by
β0 = b0 − h
2
0
4a0
, (59)
β1 = a0 − h
2
0
4b0
, (60)
γ0 =
d0 − c0h0
2
(
b0 − h
2
0
4a0
) , (61)
γ1 =
c0 − d0h0
2
(
a0 − h
2
0
4b0
) , (62)
δ0 =
(
k0 − c
2
0
4a0
)
− (d0 − c0h0)
2
4
(
b0 − h
2
0
4a0
) , (63)
δ1 =
(
k0 − d
2
0
4b0
)
− (c0 − d0h0)
2
4
(
a0 − h
2
0
4b0
) . (64)
Using these relations one can have the expectation values in explicit form. For example, the
expectation value of xˆ is given by as follows.
〈xˆ〉Ψ = i8pi2~5|ν0|2f1(t)ef0(t). (65)
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Where
f0(t) =
m2~2
4η
[(
cos2 2ωt− 2 cos2 ωt
cos2 ωt
)
+
{
(1 + θη
4~2
) + η tanωt
}2
η2 sin2 ωt
]
. (66)
And
f1(t) =
1
η3 sin3 2ωt
√
mη sin 2ωt+ 2m(1 +
θη
4~2
) cos2 ωt. (67)
V. CONCLUSION
We have seen that a Lewis-Riesenfeld invariant operator exists for the gravitational well
for noncommutative geometry. We have also discussed the uncertainty relations (UR) via
the expectation values (EV) on the state. In particular, we have shown that the measure
of uncertainty in terms of the standard deviation of observables is time-dependent. The
time-dependent function in the UR, as well as EV, has a minimum, which indicates that the
states are squeezed coherent states in general. Thus, one can expect that a time-dependent
fluctuation in the fringe width will appear in an actual experiment with interferometry.
However, in the classical limit (i.e, (θ → 0, η → 0)), there will be a rapidly varying periodic
function in phase. The time dependency will be averaged out by the rapidly varying periodic
function in phase and thus will have a stable fringe. Therefore this type of system may be
a potential candidate to determine the values of the noncommutative parameters θ, η.
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